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CHAPTER 4

Types

Dif ferent programming languages have type schemesfor dif ferent reasons. In-
deed, the wor d `type' is widely applied and often misunderstood. I will therefore
precedethe discussion of MIN's type schemewith a brief review of some of the
dif ferent kinds of type scheme.[Is this a goodidea?]

4.1. Type schemes

C provides an extreme example, since its type scheme is not even sound. It is
complete, however, so there is some value in checking it: sinceany legal program
can be made type-correct, type errors are indicative of errors. C confusesmatters
further by mixing up its representation types with its arithmetic operations. For
example, casting a `�oat' to an `int' can changeits numerical value, without stray-
ing outside the language de�nition (it rounds towar ds zero). If ever one designed
an untyped version of C (or Javafor that matter), thesesocalled `type casts'would
have to remain.

For all the advantages of this design, there are good reasonsnot to design lan-
guages like that any more. (People still do, of course.) What, then, is a type
scheme? Let us adopt the following informal de�nition (which excludes what
C calls a type scheme):

DEFIN ITION 4.1.1. (Type scheme)

A type schemeis a statement which, if it is ever true of a program, remains true at
all later points in the program's execution.

The property which remains true is called the subjectreductionproperty of the type
scheme.

4.1.1. Dynamic types. Let me illustrate de�nition 4.1.1with another extreme
example: Lua (Python is similar). In Lua, there are a �nite number of types,1 in-
cluding `table' and `number '. A value of type `table' is (a pointer to) a hashtable,
whereasa value of type `number ' is a double-pr ecision �oating-point number. Al-
though one could contrive pathological examples, it is usually not dif �cult to dis-
tinguish numbers from hashtables,even on 64-bit platforms where eachoccupies
64bits, becausecertain 64-bit values arenot legal numbers, and becausehashtables
have a highly redundant structure and must reside in heap-allocated blocks.

Lua has what is called a dynamictype scheme. Every value is stored in memory
beside its type, even at run-time. Arithmetic operations operate on the types as

1I am ignoring tag methods.
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4.1.TYPE SCHEMES 5

much ason the values. For example, the result of adding two numbers is a number.
Indeed, the type can even affect the action of arithmetic operations on the value,
sinceattempting to divide a number by a table producesan error, at run-time, even
if the table happens to be a legal number. It is also possible to examine the type of
a value using an `if ' statement.

It is nonetheless fair to call this a type scheme,becausethe following statement
is always true: values stored beside the type `number ' are always legal double-
precision �oating-point numbers, and values stored besidethe type `hashtable' are
always pointers to properly structured hashtables in heap-allocated blocks. The
value of this statement should be obvious: although it affords the programmer no
compile-time protection, it makes programs easier to debug, limits the possible
damage that a broken program can cause,and opens up the possibility of running
untr usted programs. All this is achieved without asking the programmer to learn
anything beyond what would be necessaryfor an untyped language.

4.1.2. Static types. One of the attractions of a dynamic type scheme is that
it is very easy to check that the language is type-safe. One simply stares hard
at all of the available arithmetic operations until satis�ed that they are individu-
ally type-safe. The result then follows by induction on time. However , storing
type information at run-time is a major expense. Performing arithmetic on type
information at run-time is also expensive (although in the caseof Lua this is not
a problem). High-performance languages therefore invariably use some sort of
statictype scheme.

A static type schemeis one in which the run-time type of avalue (or, to bepedantic,
an expression,or a variable) is known perfectly at compile time, to the extent that
it canbe discarded at run time. An extremeexample of a statically typed language
is ML, which goesto great lengths to infer the type of expressions.Type inference
is not typical, however, and �ts badly with separate compilation. In most lan-
guages,and in ML's module system, the programmer is required to supply type
annotations.

The statement which is always true is as follows: the run-time value of a variable
always matches its compile-time type. Unlike in Lua, this statement is not auto-
matically true of all programs. It is the ML compiler 's responsibility to perform at
compile time all the type arithmetic that Lua performs at run time, and to reject
any program in which the type annotations are incorrect. If separately compiled
programs are linked, the linker must perform additional type checking. Having
checked all arithmetic operations in a particular program, the type-safety of that
program follows by induction on time.

The advantages of a static type schemeinclude most of those of a dynamic type
scheme:it limits the damage that a broken program can cause,and it supports ex-
ecution of untr usted code. In addition, it is a much more effective way of debug-
ging programs: although very few ML programs compile �rst time, they almost
always run �rst time. The performance bene�ts are substantial: of all the world's
well-known languages, OCaml (a dialect of ML) is currently the fastest safe one,
beatenonly by C, and is also among the most memory-ef �cient.

A disadvantage of a static type schemeis that some programs which at run-time
behaveentirely properly (according to a dynamic type scheme)will be refused by
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the compiler. Another is that a static type schemeis necessarily abstract, and the
more abstract it gets the more dif �cult it is for programmers to provide the nec-
essary type annotations. Of course, no programmer has any business writing a
program unless he knows why it works; the problem is the extra language needed
to expresssubtle reasoning. In practice, a language designer can pick a compro-
mise between completenessand complexity.

4.1.3. Representation types. [Omit this section?It' s interestingbut off-topic.]

Java's type scheme is a mixtur e of many complementary ideas. For ef�ciency
it uses static types on short time-scales, and resorts to dynamic types whenever
things get too complicated. It is not an extreme example of anything, but buried
within it there is a good example of representation types.

The representation of a Javaobject in memory is not discernible from within the
language, but on modern processorsit is fairly tightly constrained by ef�ciency
considerations. It contains (among other things) a dynamic type (called its actual
class), and a table of methods. In sourcecode, methods are distinguished by their
names,which arehuman-r eadablestrings. At run-time methods aredistinguished
by their indices in the table, which areef�cient integers. The dynamic type de�nes
the mapping from one to the other. The methods are packed in tight to savemem-
ory, somethods of objectswith dif ferent dynamic types may have dif ferent indices
even if they have the samename.

Code can call the methods of an object if it has a referenceto the object. The ref-
erence has a static type. The most useful static type is a perfect match for the
dynamic type (a class), sinceit is then possible to �nd any method with only trivial
arithmetic. A static type which de�nes a pre�x of the method table (a superclass) is
just asgood, except that some methods will be unavailable. Javaprovides a thir d
possibility: a static type that de�nes an arbitrary subset of the methods, by name
(an interface). Calling a method through an interface is lessef�cient than calling it
through a class,becausethe processof �nding it is more complicated (for exam-
ple, it might be retrieved from a hashtable,or from a separatetable whose address
must itself be calculated).

The point about representation types is that the effect of calling the method is ex-
actly the samein all threecases.2 Furthermor e, the data structure used to represent
the object in memory is exactly the same, since it depends only on the dynamic
type. The only dif ferencebetween the threecasesis the information that is avail-
able to the caller. An implementation of Javacould, if it wanted, use hashtable
lookups for all method calls. It would not change the behaviour of the language.
It would seriously impair its performance. The type scheme, then, is providing
an optimisation mechanism that would otherwise be unavailable. It managesthis
while hardly requiring programmers to learn anything; they simply think in terms
of the method names.

2At least, this is true unless there are two methods with the samename and the samenumber of
arguments, but such that the argument types of one are subtypes of the argument types of the other,
and such that the former does not appear in a superclass. Then, if the method is called through a
referencewhose static type is the superclass,the more speci�c method may be ignored. This is not a
good design! Fortunately, it rarely happens.
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4.1.4. Types as sets. In functional languages, and in mathematical logic, the
type of an expressioncan be viewed as a set containing all the possible values of
that expression.This pictur e hascontributed a great deal of vocabulary, including
booleans, integers, pairs, lists, collections, maps, records and so on. However it
does not generalise well. It handles functions okay, but it begins to look shaky at
the mention of streams,especially output streams,and falls over completely at the
�rst attempt to describenon-functional interactive behaviour, such asthat needed
to grab and releasea lock.

To be fair, pur e functional languages like Haskell havefound a way to cope with
input and output, using monads. An interactive program is modelled asa function
which acts on the whole world, and returns its new state. The type scheme is
intricately designed to ensure that the output world depends on the input world
via a unique dependency chain, so that it can't be shared. Intermediate values that
depend on copiesof the input world canexist, but ultimately only one of them can
be returned.

This is ingenious but totally insane. It involves modelling the world asan element
of a set,a thing that you canmanipulate, while at the sametime the world contains
other programs that model you asa thing that they can manipulate. It escapesset-
theoretic paradoxes only by using an abstract interpr etation of the world. I �nd
this philosophically very ugly.

4.2. MIN' s type scheme

We have seenseveral reasonsto have a type scheme,none of which apply to MIN.
Types help to catch programming errors, but MIN is not especially aimed at hu-
man programmers. Types make programs safe, but that in itself is not a goal.
Safety is merely a prerequisite for many other properties. Types can impr ove per-
formance, but that is again beyond the scopeof this thesis.

Sowhy have I insisted that MIN must have a type scheme?Is it really more impor -
tant than arithmetic? No, but I don't expect any reader to doubt the possibility of
adding arithmetic primitives to MIN harmlessly. Similarly , I am sure you will be-
lieve that type schemescould be invented to make MIN safe,secure,ef�cient, or to
give it any other property that type schemeshave given to other languages. I have
therefore gone for a very simple and conventional design: MIN's type scheme
is pur ely static, it is logically `simple' (in the senseof the simply-typed lambda
calculus), it has no representational content, and MIN's types can't in general be
interpr eted assets.

However , there is one property that is essential for a language that is designed
to be optimised automatically , and which most languages do not have. It is not
obvious that a type schemecan contribute to this property, and that is why I am
writing a chapter about it. MIN has a type schemebecausetypes enlarge the pro-
gram equivalencerelation, thereby permitting optimisations that would otherwise
not be valid.

4.2.1. Program equivalence. The effect of types on program equivalence is
highly counter-intuitive. After all, static types are erasedbefore a program is run,
and do not affect its operational semantics at all. However , reduction-closure is
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only one of the four properties that are required of program equivalence. Another
is context-closure. The type checking performed by the compiler and linker sub-
stantially reducesthe set of contexts in which a program might �nd itself, elimi-
nating many that might otherwise provide a way of distinguishing two programs.

The point is illustrated in �gur e [4A] . Although a little contrived, this example
shows the dramatic effect the types can have. All �ve possible equivalence rela-
tions on a three-elementset are obtainable, simply by substituting dif ferent types
for � . In two of the �ve cases(unit and stream) the equivalence relation contains
an obvious optimisation that savesboth time and memory, but neither transfor-
mation is valid at the other type.

Examples like this, of which there are many more in chapter 6, argue strongly
that an intermediate language for an optimising compiler must have a decent type
scheme,or abandon all pretenceof ambition.

4.2.2. Approach. A typedprogramconsists of a programand an interface. Fig-
ure [4B] illustrates the way in which these two components are gleaned from a
program in the graphical notation. It is the `AND gate' example yet again. The
program capturesthe rewrites and the main graph, asexplained in chapter 3. The
interface captures the constructor declarations, and all the type information, in a
manner which I hope is obvious.

The subject-reduction property is that the program obeysthe interface, in a sense
that I will make precisein section 4.3.3. Roughly speaking, the interface de�nes
some input transitions which the program must perform, and some output tran-
sitions which it may perform. The program and its context are treatedcompletely
symmetrically: if one may send, the other must receive.

The operation of linking two programs must be redesigned with types in mind.
Not only must it construct a new program, it must also construct its interface. To
ensure that the resultant program obeys the resultant interface, linking becomesa
partial operation: there areperfectly legal typed programs which cannot be linked
together. This is of course the whole point. The effect of types on the barbed
equivalence relations follows immediately from this de�nition.

It is then necessaryto redesignthe labelled equivalencerelations to keepup. Specif-
ically, we must modify the labelled transition relation on typed programs, so as
to enlarge the labelled equivalences in line with the barbed equivalences (the la-
belled equivalencesare fairly uselessunless they match the barbed equivalences).
It turns out that the required modi�cation is very simple: we must remove some
of the input transitions.

4.2.3. Expressive power. [This sectionis �ne, but probablyin thewrongplace.]

Most of the proofs assumevery little about the structure interfaces, allowing it to
be upgraded cleanly later. However , for now I have �xed on a concrete de�nition
of `type' and `interface', which I presentedapproximately in chapter 1, and which
is used in the practical part of this thesis. My de�nition is basedon the following
simplifying approximations and restrictions:
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� The ports of an interface are independent. An interface assignseachport
a type. The transitions that may and must be possible at a port are then
constrained only by its type. Furthermor e, the types of any new ports
created by a transition depend only on the constructor involved and the
old type.

� Every port will beused either only for input or only for output. The prop-
erty that distinguishes the casesis called the port's polarity. The polarities
of new ports createdby a transition depend on the constructor involved,
the old type, and the old polarity . The polarity and type of a port are
orthogonal; inverting all polarities is a symmetry operation.

� Silent transitions have no effect on the interface of a typed program.
� A type is an element of an abstract set, and has no internal structure. In

other wor ds, my type schemeis basedon a zeroth-order logic.

Any of thesedecisions could be changed to obtain a more powerful type scheme.
By modelling correlations between ports, we can for example specify that two
copies of a value behave in the same way, that is, that the program behaves like
a function (the question is moot for linear values). Bidir ectional channels widen
the range of programming styles that the compiler will accept. Logics with quan-
ti�cation support polymorphism and abstraction. I leave thesepossibilities for the
futur e.

4.3. De�nitions

We need to import some de�nitions from chapter 3. For most purposes we can
treat them asblack boxes,so you need not absorb all of chapter 3 just to read this
chapter (of course, if this chapter is the only part of the thesis which interestsyou
you'd be better off reading something else!).

Weneedthe abstractsets
�

name� and
�

constructor � . Recallthe de�nition of
�

action �

in terms of these:
�

action �������

�

name�

�

constructor �
	

�

name����
�
�


�

name�����

�

name�

�

constructor �
	

�

name�
��
�
�


�

name�����

�

with the restriction that all
�

name� s in an
�

action � must be dif ferent.

For programs, we can adopt a higher-level approach than chapter 3, and assume
a set

�

graph � of programs written in the graphical notation. In the language of
chapter 3, it is the quotient of

�

program � by the structural congruence. Similarly ,

we assume that the labelled transition relation �������

� �

��� is a ternary relation on
�

graph ���

�

action ���

�

graph � . We will occasionally have to break through the ab-
straction layer and meddle with the concrete de�nitions, but not much faith is
required to skip those parts.

Recall also that fn 	

�

� is the setof
�

name� s appearing in an
�

action �

� , and fn 	! "� is
the setof freenamesof a

�

graph �# .
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4.3.1. New de�nitions. Assume an abstract set
�

type � of type identi�ers. The
setof interfacesis de�ned by the following grammar:

�

polar type ���$��� %

�

type ���'&

�

type �

�

declaration ���$��� &

�

type �)(

�

constructor �*	

�

polar type ����
�
�
+�

�

polar type �,�

�

signature���$��� a set of
�

declaration � s
�

protocol ���$��� let
�

signature� in
�

polar type �

�

interface ���$��� a �nite partial function from
�

name� to
�

protocol �

A
�

polar type � of the form & - is an output type, and %�- is an input type.3 Given a
�

polar type �/. , de�ne - be & - if .0�1%�- and %�- if .0�2& - . In other wor ds, overlining a
�

polar type � toggles its polarity . Similarly de�ne 3 to be let 4 in . if 35� let 4 in . ,
and de�ne 6 to map each 7 onto . if 6 maps 7 onto . .

It is convenient to use some notational sugar. Let 78��3 be the singleton
�

interface �

which maps the
�

name�97 to the
�

protocol �:3 . Given
�

interface � s 6 and ; with
disjoint domains, let 6<�+; be their union. For example, we can write down a three-
element

�

interface �=7>�*3?�,@A�CBD�FEG�IH . Let J7>�KJ 3 be the obvious generalisation to
tuples, which maps each 7�L to the corresponding 3ML . It is common for all ports of
an

�

interface � usethe same
�

signature� , so let let 4 in J7N�

J

. be the
�

interface � which
maps each 7ML to let 4 in .
L . I will even use this sugar for singleton

�

interface � s,
becauseI think let 4 in 78�O. is more readablethan 7P� let 4 in . .

De�ne the set fn 	!6D� of freenamesof an interface 6 to be the domain of 6 .

4.3.1.1. Variablenames.Usually, I will choose my variables according to the
following convention (in addition to the convention I used for chapter 3):

� For
�

type � s I will use - , Q , R .
� For

�

polar type � s I will use . , S , T .
� For

�

signature� s I will use 4 .
� For

�

protocol � s I will use 3 , B , H .
� For

�

interface � s I will use 6 , ; , U .

4.3.2. Labelled transition system on interfaces.

DEFIN ITION 4.3.1. (Transitions of interfaces)

De�ne anew labelled transition relation, asubsetof
�

interface �V�

�

action �O�

�

interface � ,
to be the smallest satisfying the following axioms:

7#�WJ @YX

Z fn 	[6W�\& -)(^]O	

J

.��

Z

4

6<� let 4 in 7P��& - _a`,b�c

dfe

�a�g�+�

6g� let 4 in J@h�

J

.

OUT

7#�WJ @iX

Z fn 	!6D�j& -)(^]O	

J

.��

Z

4

6g� let 4 in 7P�k%�-
_l`,b�c

dfe

�V�m���

6<� let 4 in J@n�

J

.

IN
6Ao

� �

6qp

REACT

3This use of the symbols r and s is approximately copied from the programming language Pict
[ref].
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PROPOSITION 4.3.2. (Transitionsof interfaces)

Thelabelledtransition relationsatis�esthe following additionalrules,which capture the
polarity symmetryandtheindependenceof theports:

6ut

� �

6

p

6 t

� �

6Wp

REV
6 t

� �

6Wp

6 t

� �

6Wp

UNREV
6uv

� �

6

p fn 	

�

�*w fn 	�;?�C�0xqy

6<�+; v

� �

6Wp!��;

PAR

PROOF. Easy. z

The labelled transition system on
�

interface � s treats free names in the same way
as that on

�

graph � s: if 6{v

� �

6

p then fn 	!6D�}| fn 	

�

�"| fn 	!6

p

���~x•y , and if �

�€7M]O	�J @m�

or �

� 7M]•	�J @m� then 7

Z fn 	!6D� and J@

Z fn 	!6

p

� . The labelled transition system on
�

interface � s is quite dif ferent from that on
�

graph � s in other ways. For example,

we can easily construct an
�

interface �#6 such that 6l• _�‚�b�c

d+e

(

�m�a�

6 _a`,b�c

ƒ„e

�l�m�+�

6�… but †ˆ‡ �0] , or
�‰J @���‡ �Š�‰J E<� , or 6�•2‡ �A6+…W�‰J @gX*J EO� .

4.3.3. Obeyance. The subject-reduction property that characterisesMIN's type
schemeis that a program cannot get past the compiler unless it obeysan interface,
in the following sense:

DEFIN ITION 4.3.3. (Obeyance)

Saya relation ‹ from
�

graph � to
�

interface � is an obeyanceif f it satis�es the follow-
ing:

If  Œ‹ 6 then fn 	[ "�)� fn 	[6W� .

If  Œ‹ 6 and 6
t

� �

6

p then  
t

� �

 

p and  

p

‹ 6

p .

If  Œ‹ 6 and  t

� �

 

p then 6 t

� �

6

p and  

p

‹ 6

p .

If  Œ‹ 6 and  •o

� �

 

p then  

p

‹ 6 .

Saya pair  {�$�W6 is a well-typedprogramif there exists an obeyancewhich relates  

to 6 .

Note that the relation �$� is both the set of well-typed programs and the largest
obeyance.

4.3.4. Linking. Recall from chapter 3 that the result of linking two
�

graph � s
 and Ž is written  ��•Ž .

DEFIN ITION 4.3.4. (Linking interfaces)

De�ne the linking operation � on
�

interface � s asfollows: 6<� ;Y�8;m� U•�A6<� U .

Note that linking is a partial operation; 6��ˆ; is not de�ned for all 6 and ; . Linking
is symmetric, and the empty interface is its unit. Also, If fn 	[6W�qw fn 	‘;?�qw fn 	!UY�)�0x•y

and 6’�“	‘;“�•U”� is de�ned then it is equal to 	[6n�”;*�•�–U .

PROPOSITION 4.3.5. (Linking respectsobeyance)

If  ����•6 and Ž����—; and 6n�”; is de�nedthen  ��PŽŠ�$�•6h�8; .
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PROOF. Construct the relation ‹ �0xa ��PŽˆ�,6’�”;“�O Š���•6 and ŽŠ�$�—;˜y and show
that it is an obeyanceby checking the conditions of de�nition 4.3.3.

Suppose  Š�NŽ™‹ 6h�8; because š���q6 and Žš���m; and that 6h�8;›t

� �

U

p for some

input action œ . Then either 6 t

� �

6

p and U

p

�Š6

p

�“; or ; t

� �

;

p and U

p

�Š6–�“;

p .

Without loss of generality, assumethe former. From 6Št

� �

6

p and  {�$�D6 we deduce

 t

� �

 

p and  

p

�$�/6

p . By the PAR p

•

rule of chapter 3,  ›�YŽ t

� �

 

p

�iŽ . Finally,
 

p

�PŽ•‹ 6

p

�”; asrequired.

Suppose  Š�PŽ•‹ 6’�”; because ����•6 and Ž��$�—; and that  ��•Ž t

� �

‹

p for some
output action œ (the caseof a silent action is similar). Distinguish casesaccording
to the rule (from chapter 3) used to derive the transition.

If  ›�iŽ t

� �

‹

p was derived using the PAR p

•

rule (the PAR p

…

caseis similar) then

 t

� �

 

p and fn 	 œ��žw fn 	[ŽŸ�5� x•y and ‹

p

�¡ 

p

�iŽ . This caseis similar to the

input case: we deduce that 6
t

� �

6

p , hence 6”�¢;
t

� �

6

p

�£; , and  

p

���C6

p , hence
 

p

�PŽ•‹ 6

p

�”; asrequired.

If  ¤�”Ž
t

� �

‹

p was derived using the COM p

•

rule (the COM p

…

caseis similar) then

 _a`,b�c

d+e

�V�m���

 

p and Ž
_l`,b�c

dfe

�l�m���

Ž

p and  

p

�¥Ž

p

t

� �

‹

p . From  _a`,b�c

dfe

�V�g�+�

 

p and  ¦�$�=6

we deduce 6

_�`,b�c

d�e

�a�<���

6

p and  

p

���:6

p . Now 7 must be in the intersection of fn 	[6W�

and fn 	‘;?� . Since 6h�“; is de�ned, we cannot have 6

_a`,b�c

dfe

�V�g�+�

6

p without also having

;
_a`,b�c

dfe

�a�g���

;

p for some ;

p such that 62�5;P�§6

p

�–;

p . Since Ž€���—; and input transitions
are deterministic, Ž

p must be the unique program such that Ž

p

�$�•;

p . Therefore

 

p

�”Ž

p

‹ 6

p

�“;

p . By induction on the derivation of  

p

�8Ž

p

t

� �

‹

p , we deduce

that 6

p

�”;

p

t

� �

U

p and ‹

p

���•U

p asrequired. z

We can therefore de�ne the operation of linking two typed programs as follows:

DEFIN ITION 4.3.6. (Linking typed programs)

Let  Š���•6’�PŽ��$�—; be  Š�PŽ��$�q6’�8; if 6’�”; is de�ned, and unde�ned otherwise.

4.3.5. Subtypes. Saya relation ‹ on
�

interface � s is a typesimulationif f it satis-
�es the following:

� If 6¨‹ ; and ;

_a`,b

c

d�e

�a�g�+�

;

p then 6

_a`,b

c

d�e

�l�<�+�

6

p and 6

p

‹ ;

p .
� If 6¨‹ ; and 6

_l`,b

c

d+e

�l�m���

6

p then ;
_l`,b

c

d+e

�V�m���

;

p and 6

p

‹ ;

p .

Say 6 is a subinterfaceof ; , and write 6P©}�
; , if f 6ª‹ ; for some type simulation
‹ . In other wor ds, ©}� is the largest type simulation. Also, say 3 is a subprotocolof
B , and write 3P©}�•B , if f 7N�+3P©}�V78�•B (the choice of 7 is immaterial).

Intuitively , (let 4 in ) %�- is a subprotocol of %�Q if it is prepared to suffer a wider
variety of inputs, in much the same way that a Java subclass is one that offers
more methods. Alternatively , & Q is a subprotocol of & - if it promises to stay within
a narrower variety of outputs, in much the sameway that a subset is one that has
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fewer elements. However , neither pictur e completely captures the general case,
in which inputs and outputs are mixed in sequenceand in parallel. Arbitrarily ,

%�-8©}�}& Q for all - and Q . The subinterface relation is de�ned so that 6¨©}�1; if f
fn 	[6W�)� fn 	�;*� and 6M	«7M��©}�D;)	«7M� for all 7

Z fn 	[6W� .

The subinterface relation inherits a polarity-r eversal symmetry. The symmetry
operation is contravariant: 6¬©}� ; if f ;0©}�/6 . Similarly , 3­©}� B if f BY©}�g3 , and in
particular & -:©}�m& Q if f %�QN©}�W%�- .

The subinterface relation (and also the subprotocol relation) is a pre-order on inter -
faces:it is transitive (becausethe composition of ©}� with itself is a type simulation)
and re�exive (because � is a type simulation), but there exist dif ferent interfaces

6 and ; such that 6”©}�?; and ;­©}��6 . Indeed, 6 and ; need not even be strongly
bisimilar . For example, 6 could be let x�-�(¦]O	!-��f�,-�(•]O	«Q
�„y in 7¬�$& - and ; could be
let xa-ž(•]O	«-��fy in 7“�$& - . It's a bit like mutual simulation. Nonetheless, if 6–©}�M; and

;Y©}�O6 then 6 and ; are interchangeablefor the purposes of type checking.

The crucial property of the subinterface relation is its interaction with the obeyance
relation: If  Š�$�W6 and 6’©}�D; then  Š���—; (becausethe composition of �$� and ©}� is an
obeyance).

4.4. Type checking

Recall from chapter 1 that a MIN program in the graphical notation consists of
several sections. It has a main graph, and rewrite rules for executing it. These
form the untyped part of the language. It also has node declarations and subtype
declarations, which are the subject of this section. Finally, the main graph has an
interface. The goal of this section is to show that the checks performed by the
compiler are suf�cient to ensure that the program obeys its interface; that is, that
the type-checking algorithm is sound.

Roughly speaking, the constructor declarations and subtype declarations are used
to construct a type simulation, which is then combined with the destructor dec-
larations to construct an obeyance. Either construction can fail. In order to make
a proper type simulation, the subtype declarations must be compatible with the
constructor declarations. In order to make a proper obeyance,the destructor dec-
larations must be compatible with the rewrite rules. Having checked that both
constructions work, the compiler can easily check that the obeyance relates the
main graph to its interface.

4.4.1. Signature. All protocols in a MIN program written in the graphical
notation have the same

�

signature� . This is no handicap: given two protocols
let 4

• in .
• and let 4

… in .
… we can choosetwo disjoint injections ® and ¯ on

�

type �

and a form a common signature 4¬�u®f	[4
•

�?°ˆ¯M	[4
…

� , so that let 4 in ®f	«.
•

� is equiva-
lent to the �rst protocol and let 4 in ¯M	«.

…
� is equivalent to the second.

The signature is written explicitly in the graphical notation, in the form of the con-
structor declarations. Each

�

declaration �9& -Ÿ(±]O	

J

S"� corresponds to a declaration
of a constructor ] whose principal port is an output of type - and whose auxil-
iary ports have polarities and types J

S . For example, the program in �gur e [4A]
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declaresthe signature

xW& unit ( nil 	‰�f�

& list ( nil 	‰�f�

& list ( cons	�& bool ��& list �+�

& stream ( cons	�& bool ��& stream�+�

& bool ( t 	[�f�

& bool ( f 	[�„y

4.4.2. Subtype relation. The compiler constructs a type simulation from the
subtype declarations in a graphical program using an `up to' technique.

DEFIN ITION 4.4.1. (Type simulation precursor)

Given a relation ‹ on
�

protocol � s, let ²‹ be the smallest relation on
�

interface � s
satisfying the following rules:

3š‹ B

7P�+3³² ‹ 7P�WB

6´² ‹ ;

;µ² ‹ 6

6�• ² ‹ ;D•�6+…¶² ‹ ;q…

6�•O�,6�…¶² ‹ ;D•O�+;W…

6´² ‹ 6

6´² ‹ ; ;\² ‹ U

6™² ‹ U

Say ‹ is a typesimulationprecursorif f it satis�es the following conditions (in which
the choice of

�

name�#7 is immaterial):

� If 3{‹ B and 7N�•B­t

� �

;

p for input action œ then 7N�+3št

� �

6

p and 6

p

²
‹ ;

p .
� If 3{‹ B and 7N�+3 t

� �

6

p for output action œ then 7N�qB t

� �

;

p and 6

p

²‹ ;

p .

PROPOSITION 4.4.2. (Typesimulationprecursor)

If ‹ is a typesimulationprecursor, then ²‹ is a typesimulation.

PROOF. Induction on the derivation of ²‹ . All casesare easy. z

A program in the graphical notation explicitly includes a candidate type simu-
lation precursor: a subtype declaration .·©}�CS corresponds to a single element

	 let 4 in .�� let 4 in S"� of the relation ( 4 is the program's
�

signature� ). Of course,
the compiler must check that the declared relation really is a type simulation pre-
cursor. The checks it performs were explained informally in chapter 1. The fol-
lowing proposition statesthat they are suf�cient.

PROPOSITION 4.4.3. (Subtypechecking)

Suppose‹ is a relationon
�

protocol� s suchthat whenever3¸‹ B we �nd either 3A�

let 4 in & - and BY� let 4 in & Q or 3§� let 4 in %�Q and B“� let 4 in %�- , and for all & -K(

]O	

J

.��

Z

4 thereexists & Q–(^]•	

J

S"�

Z

4 suchthat �

J

.Ÿ�•�Š�

J

S’�q�­¹ , say, andfor all º}»¥®:»¢¹

we�nd eitherlet 4 in .
LA‹ let 4 in SIL or let 4 in SIL§‹ let 4 in .
L . Then ‹ is a type
simulationprecursor.

PROOF. Immediate from the de�nitions. z
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4.4.3. Obeyance relation. The compiler usesanother `up to' technique to con-
struct an obeyance.

Recall the syntax of a program from chapter 3. A graphical program is a structural
congruence class, each element of which is of the form let ¼ in 3 where ¼ is an
environment (a set of rewrites of the form B

�M�

B

p ) and 3 represents the main
graph. The environment ¼ is a formalisation of the rewrite rules of the program.
Recall also that a wir e joining 7 and @ is written

�

7#��@m� , a destructor with ports J7 is
written ½M	�J 7
� , a halt node with freeports J7 is written ¾g	

J

7M� , and a constructor with
auxiliary ports J@ is attached to a name 7 by replacing 7 with ]O	�J @—� .

DEFIN ITION 4.4.4. (Obeyanceprecursor)

Assume an environment ¼ and a type simulation ²‹ .

Given a relation ¿ from destructor symbols to tuples of
�

protocol � s, let ²¿ be the
smallest relation from

�

program � s to
�

interface � s satisfying the following rules (in
which I have omitted `let ¼ in ' everywher e):

½>¿ J3

½M	�J 7
�·² ¿ J7P�˜J 3

 
²

¿ 6<� let 4 in 78� %�-�& -)(^]O	

J

.9�

Z

4

 ’� 7–À

�

]•	

J

@m�Á�~² ¿ 6<� let 4 in J@5�

J

.

 
²

¿
²

‹ 6

 ²¿ 6

x�J 7*yÂ� fn 	!6D�

¾<	�J 7��
²

¿ 6

�

7?�,@—�
²

¿ 7N��3?��@h� 3

 ²¿ 6 Ž ²¿ ;

 š�PŽ
²

¿ 6h�8;

Say ¿ is an obeyanceprecursorif f ²¿ satis�es the following: for all 3

���

3

p

Z

¼ if
let ¼ in 3j² ¿ 6 then let ¼ in 3

p

²¿ 6 .

Note that if  ÄÃ•Ž and Ž ²¿ 6 then  ²¿ 6 (induction on the derivation of
 ¨Ã§Ž ).

PROPOSITION 4.4.5. (Obeyanceprecursor)

If ¿ is anobeyanceprecursor, then ²¿ is an obeyance.

PROOF. The caseof input transitions is easy. Suppose  ²¿ 6 and 6
_l`,b�c

dfe

�l�g���

6

p .

Then  
_a`,b�c

dfe

�V�g�+�

 ’� 7>À

�

]•	�J @m�Á� by receptivity (seechapter 3). From 6
_a`,b�c

dfe

�V�g�+�

6

p we

know 68�{6
•

� let 4 in 7G�k%�- and & -Â(™]O	

J

.��

Z

4 and 6

p

�Å6
•

� let 4 in J@i�

J

. . Finally,
from  ²¿ 6 we deduce  ’� 75À

�

]O	aJ @m�Á�¤² ¿ 6

p asrequired.

Now for silent transitions. Suppose  
²

¿ 6 and  o

� �

 

p . Distinguish cases
according to the derivation of  

o

� �

 

p . For the PAR and COM rules, proceedalong
the lines of proposition 4.3.5,using induction on the derivation of the transition.
Eventually, the derivation boils down to an instance of the REACT rule, and we
use the fact that ¿ is an obeyanceprecursor.

For output transitions, start as for silent transitions. Suppose  ²¿ 6 and  _l`,b�c

dfe

�l�m���

 

p . As before, we can cope with the PAR and COM rules by induction on the
derivation of the transition. We are left with an instance of an OUT rule. With-
out loss of generality, suppose it is OUT • , so  ´� let ¼ in ÆF7?�,]•	

J

-,�fÇ and  

p

�
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let ¼ in
Æ J@��

J

- Ç
. The remainder of the derivation of  ²¿ 6 is now tightly con-

strained; by induction on the derivation of ²¿ , we reduceit to a casein which J

-)�~J E ,
a tuple of

�

name� s,which is then easy. z

A program in the graphical notation explicitly includes a candidate obeyancepre-
cursor, in the form of the destructor declarations. A declaration of a destructor
symbol ½ whose ports have protocols J3 corresponds to an element 	[½g�mJ 3M� of the re-
lation. The checks,described informally in chapter 1, that the compiler performs
in order to ensure that the relation really is an obeyanceprecursor correspond ex-
actly to its formal de�nition.

4.4.3.1. Complexity. Let me pause brie�y to discuss a question provoked by
the de�nition 4.4.4: given ¿ and  how dif �cult is it to enumerate the interfaces

6 such that  ²¿ 6 ? The answer is that it is decidable but NP-complete. The
derivation of  ²¿ 6 is guided by the syntax of  , which ensuresthat the enumer-
ation terminates. Intuitively , it is a satis�ability problem: we'r e trying to choosea
protocol for every wir e in the main graph of  , including the internal ones, such
that every node locally looks like one of its declarations.

Various factors conspire to ensure that the potentially exponential behaviour does
not bite. Firstly, it is only necessaryto enumerate the minimal interfaces with re-
spect to ©}� , since the other solutions follow easily from them, and in fact don't
need to be checked at all for de�nition 4.4.4. Secondly, the program is compre-
hensible to the programmer, and is probably therefore quite simple. In particular ,
redexesand reducts aresmall, and only redexesand reducts need to be checkedin
order to verify that a relation is an obeyanceprecursor. Thir dly, therewill probably
be several wir esin a graph for which there is only one possible protocol; this per-
mits an ef�cient divide-and-conquer approach. Fourthly , for the main graph, the
programmer can add explicit type annotations to someinternal wir esif necessary.

4.4.4. Linking. According to de�nition 4.3.6, we can only link  ™���96 with
ŽŠ�$�m; if 6 and ; assigntheir common

�

name� s exactly inverse
�

protocol � s. Inverse
�

protocol � s must have the same
�

signature� . Sinceall protocols in 6 and all proto-
cols in ; have the same

�

signature� , this meansthat  š���•6 can only be linked with
Ž¤�$�*; if the constructor declarations of the two programs are identical (or if they
have no

�

name� s in common). Inductively , this seemsto mean that all programs
running on a computer must have the sameconstructor declarations, and that pro-
grammers have no choice and no �exibility of data representation. Obviously this
would be absurd.

The day is saved by the subtype relation. In order to link  ¡���?6 with Ž·���I; the
compiler tries to �nd minimal interfaces 6

p and ;

p such that 6“©}�*6

p and ;§©}�˜;

p

and 6P�¥; is de�ned, and then forms  ¡�$�?6

p

�“Ž•���I;

p . Equivalently , split 6 into
two parts 6a•l�,6�… so that fn 	[6�•��Dw fn 	�;*�:�¨xqy and fn 	[6+…l�=È fn 	‘;?� , and similarly split ;

into ;D•O�+;W… . The result of linking  Š���q6 with Ž��$�g; is then  š�PŽŠ���•6a•O�+;D• , provided
6+…1©}� ;q… (or equivalently 6�…}��ÉA;q… ), and unde�ned otherwise.

The linker , aswell asthe compiler, must thereforeunderstand the subtype relation.
In fact, the linker must be cleverer: while the compiler operateswithin a program,
and can use the type simulation conveniently provided by the programmer, the
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linker is expectedto use ©}� itself, the largest type simulation. It must construct the
type simulations it needswithout any help from the programmer.

This construction is not hard. The required relation is bounded above by the �nite
relation that relates the protocols reachable from 6 … to those reachable from ; … .
Furthermor e, the ports can be considered separately. Usually, the relation needed
to compare two protocols will have no more elements than the smaller of the two
protocols has states.

Given that conjuring type simulations from nothing is so easy, why doesMIN ask
the programmer to supply a type simulation precursor at all? Only to make a
distinction between relationships that are intended and those that occur through
coincidental name con�icts.

4.5. Program Equivalence

Having de�ned the set of typed programs, and the partial operation of linking
them, we are in a position to de�ne program equivalence. For the untyped cal-
culus, we arrived at a de�nition of barbed coupled similarity almost by turning a
metaphorical handle. Only the de�nition of soundnesswas worthy of debate. For
the typed casewe can use the samede�nition of soundnessagain, so there are no
decisions to be made at all.

As in the untyped case,the barbed equivalence is dif �cult to use in practice, sowe
should then try to �nd a labelled equivalence that coincides with it. With current
technology, this task is not automatic. For my simple type scheme,and using the
untyped calculus asa base,it turns out to be quite easy.

4.5.1. Barbed coupled similarity. Adapting the de�nition of barbed coupled
similarity from chapter 3 to the typed calculus is straightforwar d. One point of
note is that programs with dif ferent interfaces are always distinguishable; it isn't
even necessaryto run them.

DEFIN ITION 4.5.1. (Barbed coupled similarity)

Let
�

constructor �

p be larger than
�

constructor � by a single element `test'. As in
chapter 3, propagate this change through the de�nition of the calculus, so as to
obtain the set �$�

p of typed programs of the enlarged calculus, analogous to the set
��� of de�nition 4.3.3.

Say a relation 4 on ���

p , which only relates programs with the same interface, is
soundif f for all  ª���

p

6Ê4 Žª���

p

6 either both  and Ž have a `test' node in their
main graph, or neither do.

Say 4 is reduction-closedif f 4

�M�£Ë

È

�M�¢Ë

4 .

Say 4 is context-closedif f for all  š�$�

p

6�4 Žš���

p

6 and for all ‹š���

p

; such that 6n�”;

is de�ned, both  ~���

p

6n�N‹{���

p

;Ä4 Ž~�$�

p

65�•‹{���

p

; and ‹{���

p

;i�N Å�$�

p

6¤4 ‹{���

p

;Y�•Ž����

p

6 .

Say 4 is coupledif f 4 È

�M�
Ë

4 Ì

•

.

Say 4 is a barbedcoupledsimulation if f it is sound, reduction- and context-closed
and coupled. Let barbedcoupledsimilarity, written Í9Î , be the restriction to �$� of the
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largestbarbed coupled simulation, and let mutual barbedcoupledsimilarity, written
� Î , be its largestsymmetric subrelation.

4.5.2. Labelled coupled similarity. It turns out that the right way to de�ne
the labelled transition system for typed programs is to form the intersection of the
labelled transition systemson

�

graph � and
�

interface � .

DEFIN ITION 4.5.2. (Labelled transition relation on typed programs)

Let  Š���•60v

� �

 

p

���q6

p if f  ¦v

� �

 

p and 6§v

� �

6

p .

Note that the set of actions that  Œ�$��6 can perform dif fers from those that the
untyped  can perform only by the removal of some inputs; the fact that  obeys

6 ensuresthat all output and silent actions will be retained.

DEFIN ITION 4.5.3. (Labelled coupled similarity)

Say a relation 4 on ��� which only relates programs with the same interface is a
labelledsimulationif f:

� If  ^�$�˜6™4 Ž^�$�˜6 and ŽÄ�$�˜6
o

� �

Ž

p

�$�˜6

p then  ^���˜6
o

� �

Ë

 

p

�$�˜6

p and
 

p

���•6

p

4 Ž

p

���q6

p .
� If  {���D6�4 Žš���W6 and Žš�$�D6>v

� �

Ž

p

�$�D6

p with �

‡�

� , then  {���D6uo

� �

Ë

v

� �

o

� �

Ë

 

p

���•6

p and  

p

���•6

p

4 Ž

p

���•6

p .

Say 4 is coupledif f 4 È o

� �

Ë

4 Ì

•

.

Let labelledcoupledsimilarity, written Ï1Î , be the largest labelled coupled simula-
tion, and let mutual labelledcoupledsimilarity, written Ð}Î , be its largest symmetric
subrelation.

There is clearly a lot of redundancy in this de�nition. For example, if ŽŠ���•6
o

� �

Ž

p

�$�

6

p then we know 6uo

� �

6

p and hence 62�§6

p . For another example, if Ž€���•60t

� �

Ž

p

�$�q6

p

and  ¦���•6 then we know that a unique  

p exists such that  Ñ�$��6
t

� �

 

p

���=6

p .
It would therefore be possible to concoct an equivalent but much more concise
de�nition of a weak simulation, but I feel there is value in adhering to the familiar
structure of the general case.

4.5.3. Labelled and barbed similarity coincide. This section proves the the-
orem that shows that the de�nition of the labelled transition system on typed pro-
grams is right. Speci�cally , typed programs are related by barbed coupled simi-
larity if f they are related by labelled coupled similarity .

The proof closely follows the corresponding proof in chapter 3. We show that
barbed coupled similarity is contained in labelled coupled similarity by showing
that it is a labelled simulation, and conversely that labelled coupled similarity is
contained in barbed coupled similarity by showing that it can be extended from ���

to �$�

p to obtain a barbed simulation. I will only presentthe dif ferences.

The most expensive ingredient of the proof, namely the closerelationship between
reactions and silent transitions, is completely unchanged from chapter 3. How-
ever, there are two other results that need to be checked for the typed calculus.
First, we must show that labelled simulations are closed under the new de�nition



4.5.PROGRAM EQUIVALENCE 19

of linking. Second,we must show how to add types to the test harness used to
show that barbed coupled similarity is a labelled simulation.

For the �rst result, we do not need the full `simulation up to linking' result from
chapter 3. The following proposition is therefore more specialised than the one it
replaces.

PROPOSITION 4.5.4. (Labelledcoupledsimilarity is context-closed)

Let 4 bethesmallestrelationon ��� containinglabelledcoupledsimilarity Ï Î andsatisfying
thefollowing rules:

 I•Â�$�q6�•£4 ŽŸ•9���•6�•j /…1���•6+…­4 Ž}…1���•6+…

 ˜•1�$�•6a•Â�– /…}���•6+…­4 Ž2•9�$�•6a•Â�•Ž"…1�$�•6�…

Then 4 is a labelledsimulation.

PROOF. Suppose   ���C6�4 Ž ���C6 and Ž ���)6¡v

� �

Ž

p

�$�:6

p , for some �

‡�

�

(the case �

�

� is similar). We need to show that  ^���I6•o

� �

Ë

v

� �

o

� �

Ë

 

p

�$�I6

p and
 

p

�$�•6

p

4 Ž

p

�$�=6

p . If  Ñ���•6Ò4 ŽÑ�$�•6 because  Ñ���•6GÏ1Î¤ŽÑ���•6 then the
result is immediate. Suppose, therefore, that  Ó���#6Œ4 ŽÓ���#6 because  ¡���#6“�

 
•

�$�?6
•

�8 
…

���?6
… and Ž·�$�*68�¤Ž

•
���?6

•
�”Ž

…
���*6

… and  
•

�$�*6
•

4 Ž
•

���*6
• and

 
…

�$�q6
…

4 Ž
…

���•6
… , and proceedby induction on the derivation of the transition.

Since ŽŸ•h�$�#6�•2�”Ž}…•���*6+…h�ª	‰ŽŸ•2�”Ž}…a�K�$�)	[6�•2�”6�…a� , the transition Ž2•n���*6�•2�“Ž}…–�$�

6+…Åv

� �

Ž

p

���I6

p was derived from Ž2•K�iŽ}…šv

� �

Ž

p and 6a•K�“6+…Åv

� �

6

p . Distinguish
casesaccording to the derivation of Ž

•
�¥Ž

…·v

� �

Ž

p . The caseanalysis is very
similar to that in chapter 3, but I will spell it out. As usual, we may canonicalise
the derivation, and so ignore the caseof the IN rule.

If Ž
•

�NŽ
…­v

� �

Ž

p was derived using the PAR • rule (the PAR … rule is similar) then
ŽŸ•£v

� �

Ž

p

•

and fn 	

�

�#w fn 	[Ž}…a�•�šx•y and Ž

p

�€Ž

p

•

�8Ž}… . From fn 	

�

�/w fn 	[Ž"…�����xqy

we know fn 	

�

�Cw fn 	[6+…l�Ÿ�•x•y , and so from 6a•K�Y6+…šv

� �

6

p we know 6�•Šv

� �

6

p

•

and
6

p

�¤6

p

•

�“6
… . Therefore, Ž

•
���#6

•Šv

� �

Ž

p

•

�$�/6

p

•

. By the inductive hypothesis,  
•

�$�

6
•€o

� �

Ë

v

� �

o

� �

Ë

 

p

•

���#6

p

•

, and so  
•>o

� �

Ë

v

� �

o

� �

Ë

 

p

•

. By the PAR • rule (several times),
 I•Â�• #…

o

� �

Ë

v

� �

o

� �

Ë

 

p

•

�• #… .

If ŽŸ•I�ŸŽ}…¬v

� �

Ž

p was derived using the COM • rule (the COM … rule is similar) then

ŽŸ• t

� �

Ž

p

•

and Ž}…ut

� �

Ž

p

…

and Ž

p

•

�”Ž

p

…

v

� �

Ž

p . BecauseŽ2•K���<6a• we know 6�• t

� �

6

p

•

and Ž

p

•

���I6

p

•

, and therefore Ž2•P���˜6�• t

� �

Ž

p

•

�$�I6

p

•

. Because 6a•K�“6+… is de�ned, we

know 6+…�t

� �

6

p

…

, and that 6�•2�Y6+…h�Å6

p

•

�Y6

p

…

. Becauseinputs are deterministic, we

know Ž

p

…

is the unique
�

graph � such that Ž"…
t

� �

Ž

p

…

and Ž

p

…

���)6

p

…

, and therefore

Ž
…

�$�˜6
…Åt

� �

Ž

p

…

�$�I6

p

…

. Applying the inductive hypothesis to Ž
•

�$�˜6
• t

� �

Ž

p

•

�$�I6

p

•

we obtain  I•”���)6�•šo

� �
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� �

Ë
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�$�)6
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•
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p

•
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•

4 Ž
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•

�$�)6

p

•

. Similarly ,  /…Y�$�
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� �

Ë
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…
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…

4 Ž
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…
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. Therefore  
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…

4 Ž

p

•
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…
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� �

Ž

p and 6
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•
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…
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6
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so Ž

p

•

�$��6
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…

�$�96
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…
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Ž

p

����6

p . Applying the inductive hypothesis a thir d
time,  
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Ë
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�$��6
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p . Finally,
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combine  •¢o

� �

Ë
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Ë
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���•6

p asrequired. z

For the second result, I have extracted only the part of the proof that actually
concernsthe test harness.

PROPOSITION 4.5.5. (Testharness)

Supposea relation 4 on �$�

p is sound,reduction-closedand context-closed,and that  ^���

6Ô4 Ž¦�$�•6 and Ž doesnot contain a `test' nodeand Ž¦�$�•6 t

� �

Ž

p

�$�=6

p for some

output action œ . Then  ¤���<6 o

� �

Ë

t

� �

o

� �

Ë

 

p p

���<6

p and 	[ 

p p

� let ¼ in ºa�1���<6

p

4 	[Ž

p

�

let ¼ in ºl�ž�$�•6

p .

PROOF. Suppose œh� 7<]•	�J @m� . BecauseŽ doesnot contain a `test' node, ]Ÿ‡ � test.
Let .A�§6M	«7M� and J

S¨�A6

p

	�J @—� , and de�ne ;8�A7N� .}�WJ @h�

J

S , so that 6’�Y;N�A6

p . De�ne
a test harness ‹0� let ¼ in ½M	�J @��,7M� where ¼ is de�ned asfollows:

¼ � xl½<	�J @M�F]O	�J ED���

���

½<	aJ @�� test 	�J ED���f�

½M	�J @
� test 	�J Eq���

�M�

�

J@��qJ Eq�„y

and note that ‹Š�$�—; .

Applying context-closure to  ��$�•6€4 ŽŠ���•6 , deduce 	[ €�h‹}�ž���•6

p

4 	[Ž€�h‹}�ž�$�•6

p .
Now Ž��P‹

o

� �

ŽŸ• where Ž2••�§Ž

p

�‰J @’À

�

JEO�#� let ¼ in ½M	�J @�� test 	�J ED��� , which contains a
`test' node, and then Ž2•

o

� �

Ž"…��AŽ

p

�‰J @’À

�

JEV��� let ¼ in
�

J@<�qJ EW�)�uŽ

p

� let ¼ in º , which
does not. By reduction-closure, we must therefore have  š�•‹•o

� �

Ë
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� �
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… and

 I•–���/6
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4 ŽŸ•–���˜6

p and  /…8�$�/6

p

4 Ž}…P���#6

p . By soundness  I• contains a `test'
node but  and  /… do not. As in chapter 3, we can examine the derivations of

the transitions of  ª�¥‹ inductively to deduce  o

� �

Ë

_a`,b�c

dfe

�a�g�+�

o

� �

Ë

 

p

o

� �
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p p and
 

•
�¡ 

p

�ÁJ @AÀ

�

JEV�=� let ¼ in ½M	�J @�� test 	�J ED��� and  
…

�¡ 

p p

�‰J @­À

�

JEV�=� let ¼ in
�

J@M�qJ Eq�–�

 

p p

� let ¼ in º . z

4.6. Further work

Chapter 6 includes examplesof optimisations which require a slightly more pow-
erful type schemewhich I am not yet ready to present;theseshow up in its list of
known sourcesof incompleteness. An example (not from chapter 6) of an optimi-
sation in this classis that reversing a list twice is unnecessary, but only if the list
is �nite. MIN is a lazy language, and it is quite possible to write a program that
returns the �rst few elements of a list and then loops for ever trying to calculate
the next, or indeed a program that returns an in�nite list. Using the morepowerful
type scheme,a programmer could indicate that he is only thinking of �nite lists.

The modi�cation is to intr oduce a strict version of every type. A strict output type
is a subtype of the ordinary output type, and conversely a strict input type is a
supertype of the ordinary input type. Syntactically, the extra subject-reduction
property is that only the principal port of a constructor may have a strict output
type. In other wor ds, a port with a strict input type may not be joined to an aux-
iliary port. In particular , a strict input may not be joined to a non-terminating
computation, but only to one that has already sent a result. It is harder to phrase
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this subject-reduction property in terms of the labelled transition system. Simply
removing transitions is not enough. I think what is required is to replace a se-

quence of transitions  v

� �

ŽÔÕ

� �

‹ with a single transition  

v

Õ

�!���

‹ if the Õ

� �

transition occurs at a strict port. This idea needssome �eshing out.

There are also examples which I don't know how to handle. For example, know-
ing that a program behaves functionally , in the sensethat it does not keep state
and does not leak data to a thir d party, allows the compiler to avoid calling it in
caseswhere its result is discarded. For an even harder example, a quick-sort and
a bubble-sort are equivalent only if the comparison function is total, transitive,
and stateless.The problem of capturing theseand similar examples is alarmingly
open-ended.


